We study the exotic bcqq, bcss and qcqb, scsb systems by constructing the corresponding tetraquark currents with J P = 0 + and 1 + . After investigating the two-point correlation functions and the spectral densities, we perform QCD sum rule analysis and extract the masses of these open-flavor tetraquark states. Our results indicate that the masses of both the scalar and axial vector tetraquark states are about 7.1 − 7.2 GeV for the bcqq system and 7.2 − 7.3 GeV for the bcss system. For the qcqb tetraquark states with J P = 0 + and 1 + , their masses are extracted to be around 7
I. INTRODUCTION
In the conventional quark model a meson is composed of a pair of quark and antiquark (qq) and a baryon is composed of three quarks (qqq) [1, 2] . However, quantum chromodynamics (QCD) allows more complicated hadron configurations. Hadrons with structures different from qq/are sometimes called "exotic" states. Although none of the exotic states is now unambiguously identified, more and more unexpected charmoniumlike and bottomoniumlike states have been observed in the past several years. These resonances are considered as important candidates of exotic hadrons, such as hadronic molecules, tetraquark states, hybrids, etc.
The possible existence of the tetraquarks () composed of a diquark and an antidiquark was suggested by Jaffe in 1977 [3, 4] . The frequently discussed candidates of tetraquark states are the light scalars [3] [4] [5] [6] [7] . In the heavy quark sector, qQqQ-type hidden-flavor tetraquarks have been extensively studied to explain the underlying structures of the recently observed XY Z states in the relativistic quark model [8, 9] , QCD sum rules [10] [11] [12] [13] [14] and via bound diquark clusters [15] [16] [17] [18] . The existence and stability of doubly charmed/bottomed QQqq tetraquark states have been also studied in the MIT bag model [19] , chiral quark model [20, 21] , constituent quark model [22] [23] [24] [25] [26] , relativistic quark model [27] , chiral perturbation theory [28] , QCD sum rules [29] [30] [31] [32] and some other methods [33] [34] [35] [36] [37] [38] [39] [40] .
Recently, there have been efforts to understand the open-flavor (i.e., exotic) tetraquark states bcqq [25, 26, 41] and molecular statesqcbq [42] [43] [44] . The authors of Ref. [41] noticed that the tetraquark states bcqq lie below the thresholds of B − D + andB 0 D 0 by solving the Bethe-Salpeter equations. In Refs. [43, 44] , the authors indicated that there may exist loosely bound B c -like molecular states. In this paper, we will study the open-flavor bcqq, bcss and qcqb, scsb tetraquark states in QCD sum rules. We construct the corresponding tetraquark currents with J P = 0 + , 1 + by using S-wave diquark fields. With these interpolating operators, we calculate the two-point correlation functions and extract the masses of these possible tetraquark states. This paper is organized as follows. In Sec. II, we construct all the scalar and axial vector bcqq, bcss and qcqb, scsb types of tetraquark currents with S-wave diquark fields and the corresponding antidiquark fields. In Sec. III, we calculate the two-point correlation functions and the spectral densities using these interpolating tetraquark currents. The expressions for the spectral densities are listed in the Appendix. We perform QCD sum rule analysis for these tetraquark systems and extract their masses in Sec. IV. We also construct mixed interpolating currents to study mixing effects. In the final section, we summarize our results and discuss the possible decay properties of these tetraquark states.
II. TETRAQUARK INTERPOLATING CURRENTS
In this section, we construct the bcqq and qcqb types of tetraquark interpolating currents using diquark and antidiquark fields. In general, one can use the diquark fields q and the corresponding antidiquark fields to compose all possible combinations of bcqq and qcqb tetraquark operators, as done in Ref. [30] for the doubly charmed/bottomed tetraquark states and Refs. [12, 13] for the charmoniumlike and bottomoniumlike tetraquark states. In Ref. [30] , the tetraquark currents which contain P -wave diquark or antidiquark operators can result in higher hadron masses than those containing only S-wave operators. They correspond to the orbitally excited states while the latter operators correspond to the ground hadron states. In order to study the lowest lying tetraquark states, we use only the S-wave diquark fields q T a Cγ 5 q b , q T a Cγ µ q b and the corresponding antidiquark fields to compose the tetraquark currents with quantum numbers J P = 0 + , 1 + . The P -wave diquark fields will not be considered in this paper.
For the bcqq system, the tetraquark interpolating currents with J P = 0 + are
III. TWO-POINT CORRELATION FUNCTION AND SPECTRAL DENSITY
In the framework of QCD sum rules [45] [46] [47] , we consider the two-point correlation functions
where J(x) and J µ (x) are the scalar and axial vector currents shown in Eqs. (1)- (4) . Since the axial vector currents J µ (x) are not conserved, the two-point correlation function Π µν (p 2 ) has the following structure
where Π 1 (p 2 ) and Π 0 (p 2 ) are the invariant functions related to the spin-1 and spin-0 intermediate states, respectively. In this paper, we focus on Π 1 (p 2 ) to study the axial vector channels. In QCD sum rules, the correlation functions in Eqs. (5) and (6) can be obtained at both the hadron level and quark-gluon level. At the hadron level, we can describe the correlation function via the dispersion relation
in which b n are the N unknown subtraction constants which can be removed by taking the Borel transform. To obtain the spectral function ρ(s), we write the imaginary part of Π(p 2 ) as a sum over δ functions by inserting intermediate hadronic states |n with the same quantum numbers as the interpolating current J(x),
where we adopt the pole plus continuum parametrization of the hadronic spectral density and m X is the mass of the lowest lying resonance |X . The scalar and axial vector interpolating currents J(x) and J µ (x) can couple to the corresponding hadronic states with the coupling parameters f X ,
where ǫ µ is the polarization vector (ǫ · p = 0). The correlation function can also be evaluated at the quark-gluon level via the operator product expansion (OPE) method. We calculate the Wilson coefficients up to dimension eight at leading order in α s . Utilizing the same technique as in Refs. [12-14, 30, 48] , we adopt the coordinate expression for the light quark propagator and the momentum space expression for the heavy quark propagator,
in which q represents u, d or s quark and Q represents c or b quark. The superscripts a, b are color indices and
We keep the terms proportional to m q to study the scsb and bcss systems. In particular, the m s corrections are only important for the chiral-violating condensates; the m q corrections to the gluon condensate that would arise from an m q term in (12) are numerically small and are thus ignored (see Fig. 1 below) .
By equating the correlation functions at both the hadron level and quark-gluon level, we can establish the sum rules for the hadron parameters via quark-hadron duality. Using the spectral function defined in Eq. (9) , the Borel transform is performed on the correlation function Π(p 2 ) obtained at both levels to remove the unknown constants in Eq. (8) , improve the convergence of the OPE series and suppress the continuum contributions
where s 0 is the continuum threshold parameter and M B is the Borel mass introduced by the Borel transform. These two parameters are very important in QCD sum rule analysis and we will discuss them carefully in the next section. Then the mass of the lowest lying hadron state can be extracted as
which is a function of the continuum threshold s 0 and Borel mass M B . At the leading order in α s , the spectral densities for all interpolating currents in Eqs. (1)- (4) are evaluated and listed in the Appendix up to dimension eight condensates. For the nonperturbative contributions, the quark condensate, gluon condensate GG , quark-gluon condensate mixed qg s σ · Gq , four quark condensate and dimension eight condensate contribute to the correlation functions and spectral densities. Using the factorization hypothesis, the dimension six and eight condensates are reduced to2 andg s σ · Gq respectively. The evaluation of the higher dimension condensate contributions is technically difficult and the violation of the factorization hypothesis becomes important [49] . In this paper, we calculate the correlation functions up to dimension eight.
IV. QCD SUM RULE ANALYSIS
To perform the QCD sum rule analysis, we adopt the following values of the quark masses and various condensates [2, 46, [50] [51] [52] 
in which the definition of the coupling constant g s has a minus sign difference compared to that in Ref. [46] . The charm and bottom quark masses are the running masses in the MS scheme. Furthermore, we take into account the scale dependence of these MS masses at leading order:
where
is determined by evolution from the τ mass using Particle Data Group values [2] . For the bcqq and qcqb tetraquark systems, we use the renormalization scale µ = mc+m b 2 = 2.73 GeV in our sum rule analysis [53] . After performing the Borel transform, there are two important parameters in the correlation function: the continuum threshold s 0 and the Borel mass M B . The stability of QCD sum rules requires a suitable working region of these two parameters. In our analysis, we choose the value of s 0 to minimize the variation of the extracted mass m X with the Borel mass M 2 B . Using this value of s 0 , we can obtain a suitable Borel window by studying the convergence of the OPE series and pole contribution. The requirement of the OPE convergence determines a lower bound on M 2 B while the constraint of the pole contribution leads to its upper bound.
The pole contribution (PC) is defined as
which is a function of the continuum threshold s 0 and the Borel mass M B . This definition comes from the sum rules established in Eq. (14) and indicates the contribution of the lowest lying resonance to the correlation function.
A. bcqq and bcss tetraquark systems
We begin with the sum rule analysis of the bcqq and bcss tetraquark systems in this subsection. For all currents in the bcqq systems, the quark condensateand quark gluon mixed condensate qg s σ · Gq terms in the correlation functions are proportional to the light quark mass m q . Both of them vanish in chiral limit m q = 0 and represent a numerically small contribution to the correlation functions because of this chiral suppression. For these systems, the four quark condensate2 is the dominant power correction to the correlation function. We show the OPE convergence of the scalar bcqq channel using the interpolating current J 4 in Fig. 1 . It indicates that the dimension eight condensateg s σ · Gq is the next in importance followed by the gluon condensate GG . To ensure the convergence of the OPE series, we require that the four quark condensate contribution be less than one-fifth of the perturbative term, which results in a lower bound on the Borel mass M B . In Fig. 1 , the OPE convergence is very good in the region M On the other hand, an upper bound on M 2 B is obtained by studying the pole contribution defined in Eq. (20), which is also the function of the continuum threshold s 0 . To study the variation of PC with M B , one should determine the value of s 0 at first. An optimized choice of s 0 is the value minimizing the variation of the extracted hadron mass m X with the Borel parameter M intersect at s 0 = 60 GeV 2 , which is the most suitable value under the above constraint. Utilizing this value of s 0 , we require that PC be larger than 30% to determine the upper bound on the Borel mass M 2 B . For the current J 4 in the scalar bcqq channel, we obtain the upper bound M 2 max = 6.4 GeV 2 . For the J P = 0 + bcqq systems, all currents J 1 , J 2 , J 3 and J 4 have suitable working range of the Borel parameter with the above criteria. Within these Borel windows, the mass sum rules are very stable. In Fig. 2 , we show the variation of m X with the threshold value s 0 and Borel parameter M 2 B for the current J 4 . We obtain the Borel window 6.1 GeV 2 ≤ M 2 B ≤ 6.4 GeV 2 with the continuum threshold value s 0 = 60 GeV 2 . In this region, we show the stable mass sum rule in the right portion of Fig. 2 and extract the hadron mass m X = 7.23 ± 0.08 ± 0.05 ± 0.06 GeV, (21) in which the errors come respectively from the continuum threshold s 0 , the heavy quark masses m c , m b and the quark condensates, qg s σ · Gq . The errors from the Borel mass M B and the gluon condensate g 2 s GG are negligible since the mass sum rules are very stable in the Borel window (see Fig. 2 and Fig. 3 ) while, as mentioned above, the gluon condensate contribution to the correlation function is very small.
After performing the QCD sum rule analyses for all the interpolating currents, we collect the Borel window, the threshold value, the extracted mass and the pole contribution for the J P = 0 + bcqq systems in Table I . The results for the J P = 1 + bcqq systems are listed in Table II . As mentioned above, the errors of mass predictions come from the uncertainties in s 0 , the heavy quark masses m c , m b and QCD condensates, qg s σ · Gq respectively. 
59 ± 2 6.1 − 6.4 7.16 ± 0.09 ± 0.06 ± 0.01 32.9 J 3 58 ± 2 5.4 − 6.0 7.14 ± 0.08 ± 0.05 ± 0.03 33.9 J 4 60 ± 2 6.1 − 6.4 7.23 ± 0.08 ± 0.05 ± 0.06 33.5 bcss J 1 61 ± 2 4.9 − 6.4 7.35 ± 0.08 ± 0.06 ± 0.03 39.1 J 4 60 ± 2 5.6 − 6.5 7.26 ± 0.08 ± 0.06 ± 0.10 36. 7   TABLE I : The threshold value, Borel window, mass and pole contribution for the J P = 0 + bcqq and bcss systems. The above analyses can easily be extended to the bcss systems by replacing the corresponding parameters such as the light quark mass and various condensates. We expand the spectral densities to first order in m s because m s is much larger than m q and thus cannot be omitted. These terms are very important to the OPE convergence and the mass sum rule stability for the bcss systems. As mentioned in Sec. II, only J 1 , J 4 with J P = 0 + in Eq.
(1) and J 2µ , J 3µ with J P = 1 + in Eq. (2) survive in the bcss system. For the currents J 4 with J P = 0 + , we show the variation of the extracted mass m X with the threshold value s 0 and Borel parameter M 2 B in Fig. 3 . We obtain the threshold value s 0 = 60 GeV 2 and the Borel window 5.6 GeV 2 ≤ M 2 B ≤ 6.5 GeV 2 . Compared to the bcqq system, the Borel window of the bcss system becomes broader because the pole contribution of the bcss channel is larger than that of the bcqq channel and the OPE convergence becomes better. Finally, we extract the hadron mass around m X = 7.26 ± 0.08 ± 0.06 ± 0.10 GeV. After performing the numerical analyses for all currents, we list the numerical results of the 0 + bcss system in Table I and the 1 + bcss system in Table II . For the same current and QCD input parameters, the extracted mass of the bcss state is about 0.1 GeV higher than that of the bcqq state.
B. qcqb and scsb tetraquark systems
In this subsection, we study qcqb and scsb tetraquark systems with J P = 0 + , 1 + . These configurations are very different from the bcqq and bcss tetraquark systems. In the correlation functions and the spectral densities, the quark condensateand the quark gluon mixed condensate qg s σ · Gq contain terms proportional to the heavy quark masses and they cannot be ignored. They give the most important nonperturbative contributions to the correlation functions. In particular, the quark condensateterm is now the dominant power correction to the correlation function.
To ensure OPE convergence, we require that the perturbative term be larger than 3 times of the quark condensate to obtain a lower bound on the Borel parameter. Requiring PC be larger than 10% leads to an upper bound on M 2 B . After studying the pole contribution, we find that the PC in all channels for the qcqb and scsb tetraquark systems are much smaller than those for the bcqq and bcss tetraquark systems. This means that the Borel windows in the qcqb and scsb systems will be much narrower than those in the bcqq and bcss systems. We collect the numerical results for the scalar and axial vector qcqb systems in Tables III and IV respectively, including the continuum threshold values, the Borel windows, the extracted masses and the pole contributions.
As mentioned above, the pole contributions of these qcqb and scsb systems are very small making it difficult to obtain a significant Borel window. To improve the pole contribution and sum rule reliability, one possible way is using the mixed interpolating currents to calculate the spectral densities and correlation functions [5] . For both the J P = 0 + and 1 + qcqb systems, J 1 and J 3 have similar Lorentz structures, which result in very similar spectral densities in the Appendix. The same situation exists for J 2 and J 4 . So the reasonable choice is mixing J 1 with J 2 and mixing J 3 with J 4 . However, these two mixed currents will also give the similar results due to their Lorentz structures. We therefore consider the following mixed currents:
for J P = 0 + qcqb system and
for J P = 1 + qcqb system. For J m and J m µ , we just need to calculate the mixed parts 0|T [
]|0 in the correlation functions. In the Appendix, we list the spectral densities of these two mixed parts. In these expressions, the perturbative terms, the quark condensate and the four quark condensate give no contributions to the correlation functions. Utilizing these results and the spectral densities for J 1µ and J 2µ , we perform the numerical analysis in the axial vector qcqb channel with the mixed current J m µ . Under the same criteria of the OPE convergence and pole contribution, we obtain the Borel window 7.9 GeV 2 ≤ M 2 B ≤ 8.4 GeV 2 with s 0 = 55 GeV 2 . To study the mixing effect, we show the variation of the pole contribution with the mixing angle θ in Fig. 6 . It shows that there is no significant enhancement of the pole contribution for all the value of mixing angle. In Fig. 7 , we show the Borel curves of the extracted mass with s 0 and M 2 B for the J P = 1 + qcqb system with the mixed current J m µ . Finally, we extract the ground state mass around 7.11 GeV. Compared to the numerical results from the single current in Table IV , the mass, continuum threshold, Borel window and pole contribution from the mixed current J m µ are almost the same. The similar situation occurs for the mixed current J m . In other words, the mixed current does not improve the mass sum rules significantly. 
V. SUMMARY
We have constructed the bcqq, bcss and qcqb, scsb tetraquark currents with J P = 0 + and 1 + . At the leading order in α s , we calculate the two-point correlation functions and the spectral densities including the contributions of the perturbative terms, quark condensate, gluon condensate GG , quark-gluon mixed condensate qg s σ · Gq , four quark condensate2 and dimension eight condensateg s σ · Gq . For the bcqq systems, both the quark condensateand quark-gluon mixed condensate qg s σ·Gq are proportional to the light quark mass m q and vanish in the chiral limit m q = 0. The four quark condensate2 is the dominant power correction to the correlation functions. The dimension eight condensateg s σ · Gq also gives an important contribution. To study the bcss systems, we keep the leading-order m s corrections to the spectral densities. The numerical analysis shows that these terms can improve the OPE convergence and pole contribution to enlarge the Borel window of the mass sum rules. The extracted masses for both the scalar and axial vector bcqq and bcss tetraquark states are about 7.1 − 7.2 GeV and 7.2 − 7.3 GeV, respectively.
The situation for the qcqb systems is very different from that of the bcqq systems. The quark condensateand quark-gluon mixed condensate qg s σ · Gq are multiplied by the heavy quark mass m Q and give important contributions to the correlation functions. The quark condensate is the dominant power correction in these systems. After performing the numerical analysis, we extract the masses of both the scalar and axial vector qcqb states around 7.1 GeV. The mass is about 7.1 GeV for the scalar scsb state and 6.9 − 7.1 GeV for the axial vector scsb state. However, the pole contributions of these qcqb systems are so small that the corresponding Borel windows are very narrow. To improve the pole contributions and enlarge the Borel windows, we investigated the mixed interpolating currents by introducing a mixing angle θ. Unfortunately, the numerical analysis shows that these mixed currents give no significant effects that would expand the Borel window.
The masses of these bcqq, bcss and qcqb, scsb In this Appendix, we list the spectral densities of the tetraquark interpolating currents in Eqs. (1)-(4) . At leading order in α s , we calculate the spectral densities including the perturbative terms, quark condensate, gluon condensate GG , quark-gluon mixed condensate qg s σ · Gq and dimension eight condensateg s σ · Gq :
1. The spectral densities for the bcqq and bcss systems
For the interpolating current J 1 with J P = 0 + :
.
where α min = For the interpolating current J 3 with J P = 0 + :
For the interpolating current J 2 with J P = 0 + : 
For the interpolating current J 4 with J P = 0 + :
For the interpolating current J 1 with J P = 1 + : 
For the interpolating current J 3 with J P = 1 + :
For the interpolating current J 2 with J P = 1 + : 
For the interpolating current J 4 with J P = 1 + :
2. The spectral densities for the qcqb and scsb systems
For the interpolating current J 1 with J P = 0 + : 
